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1. Introduction
The projective planes of order n that admit a collineation group G ﬁxing a line l and acting on it
with some transitivity properties have been investigated over the past decades. When G is 2-transitive
on l and n is odd, Cofman [7] proved that Π is Desarguesian and G contains SL(2,n), under the
assumption that n ≡ 1 mod 8. Actually, this assumption is unnecessary as shown in [3].
In 1981, Korchmáros [31] investigated the case where G is 2-transitive on the line at inﬁnity of an
aﬃne plane of order n = 2r , r  1, and showed that, apart from the Desarguesian case, either n = 22s
and Sz(2s) G , or n = 23s and PSU3(2s) G . Further improvements were obtained by Biliotti and
Korchmáros [4] in 1985, when Π has order 23s and PSU3(2s) G . The general case n even has been
recently investigated by Biliotti and Francot [3]. However, the classiﬁcation of the planes of even order
is not yet completed.
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seventies Hering announced the classiﬁcation of ﬂag-transitive translation planes (except for those ad-
mitting a 1-dimensional aﬃne group) at the conference held in Pullman (see [18] and [19]). Actually,
a complete proof appears in the classiﬁcation of the ﬂag-transitive linear spaces made by Buekenhout
et al. [2] (see also [26]).
Independently, the translation planes admitting a 2-transitive collineation group G on the line
at inﬁnity were determined by Schulz [43] and Czerwinski [9] under the assumption that G does
not contain Baer collineations. This assumption was dropped in 1995 by Kallaher [24], using the
classiﬁcation of ﬁnite 2-transitive groups.
When Π is not a translation plane and G is transitive on the line at inﬁnity, the problem is in
general open. Some results were obtained by Czerwinski [10]. A remarkable contribution was given
by Ho and Gonçalves [21] who completely classify the group G , with a not necessarily transitive action
on l, under the assumption that G is totally irregular and G contains an involutory perspectivity.
In this paper we provide a further contribution to the problem stated above by determining an
essentially complete classiﬁcation of the collineation group G when G is almost simple and acts
transitively on l. The faithful and primitive action of a group G on l is essentially derived as a special
case.
The most diﬃcult case to be handled is when all involutions in G are Baer collineations. The main
idea is to relate the primitive permutation representations of Soc(G) with the length of the conjugacy
class of any involution in Soc(G) and to use strong information on these conjugacy classes as listed in
Table 4.5.1 of [15]. This allows us to use the results on primitive permutation representations provided
in [30,32], and in [33], when G is classical or exceptional of Lie type, respectively. When Soc(G) is the
alternating group we also use the restrictions on the order of Soc(G) given by Ho and Gonçalves [22].
More precisely, the following results are obtained.
Theorem 1. Let G be an almost simple collineation group of an aﬃne plane A of order n. If the action of G on
the line at inﬁnity l∞ is transitive, then G is 2-transitive on l∞ , and one of the following occurs:
(1) n = 2s , A ∼= AG2(2s) and PSL2(2s) G;
(2) n = 22s and Sz(2s) G;
(3) n = 23s and PSU3(2s) G.
Case (2) occurs in the Lüneburg plane of order 22s , while case (3) is still open.
From the previous result, and by using the O’Nan–Scott Theorem, we derive the case when G is
faithful and primitive on l.
Theorem 2. If G is faithful and primitive on the line at inﬁnity l∞ of an aﬃne plane A, then the involutions
in G are perspectivities of A, and one of the following occurs:
(1) soc(G) is an elementary abelian p-group of order n+1 (note that in this case G might have odd order), or
(2) K  G  aut(K ), and one of the following occurs:
(a) n = 2s , A ∼= AG2(2s) and K ∼= PSL2(2s);
(b) n = 22s and K ∼= Sz(2s);
(c) n = 23s and K ∼= PSU3(2s).
2. Preliminary reductions
Throughout the paper, we actually work in Π , the projective extension of the aﬃne plane A by
the line at inﬁnity l∞ , which will simply be denoted by l. However, the theorems that we obtain in Π
are naturally extended to A, implying the above conclusions.
We shall use standard notation. For ﬁnite classical groups and exceptional groups of Lie type,
the reader is referred to Kleidman and Liebeck [30], and to Gorenstein, Lyons and Solomon [15],
respectively. The necessary background on ﬁnite projective planes may be found in [23]. In addition, if
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we denote by G(P ) (by G(r)) the subgroup of G consisting of perspectivities with the center P (the
axis r). Furthermore, a collineation group G of Π is said to be totally irregular on Π , if GX = 〈1〉 for
each point X of Π . Finally, if p is a prime number and m is an integer, we set vp(m) = max{a  0:
pa |m and pa+1 m}. Properties of vp(m), and more generally of Diophantine equations, that are used
in this paper may be found in [41].
Firstly, we deal with the case where G contains involutory perspectivities of Π .
Proposition 3. Let Π be a ﬁnite projective plane of order n, and let G be a collineation group of Π ﬁxing a
line l. Suppose that the action of G on l is faithful and transitive on l. If G contains involutory perspectivities
of Π , then these are elations and there is a normal subgroup K of G such that either
(1) K is 2-transitive on l and one of the following occurs:
(a) n = 2s , Π ∼= PG2(2s) and K ∼= PSL2(2s);
(b) n = 22s and K ∼= Sz(2s);
(c) n = 23s and K ∼= PSU3(2s), or
(2) K is a Frobenius group with an abelian kernel O (K ) acting regularly on l.
Proof. Suppose that G contains involutory homologies. Let σ be an involutory (W ,b)-homology that
lies in the center of a Sylow 2-subgroup S of G (see, e.g., [25]). Then W ∈ l and b = l, since G acts
faithfully on l. Furthermore, S ﬁxes W , as σ is central in S . Therefore, S  GW . Thus, n+1 = [G : GW ]
is odd, i.e., n is even, and this is a contradiction. Thus, G contains involutory elations. Let γ be an
involutory (C,a)-elation. Clearly, C ∈ l and a = l. Then G(C) = 〈1〉. Set Q = G(C). Clearly, GC = NG(Q )
and Q g ∩ Q = 〈1〉 for each g ∈ G − GC . Let K be the normal closure of Q in G . Since Q has even
order, by [17], one of the following occurs:
(1) K = O (K )Q , where O (K ) is the maximal normal subgroup of K of odd order, and Q is a Frobe-
nius complement;
(2) K ∼= Sz(2s), s > 1, s odd;
(3) K ∼= PSL2(2s), s > 1;
(4) K ∼= SU3(2s), s > 1;
(5) K ∼= PSU3(2s), s > 1.
As G is faithful and transitive on l, it follows that K  GC . Moreover, [K : KC ] divides n + 1 as
K  G . Thus, since n is even, [K : KC ] is odd and hence S  KC . The previous observation, in conjunc-
tion with the fact that G is transitive on l and the involutions in S are elations of Π , forces K to be
transitive on l.
Assume that K is isomorphic either to PSL2(2s), to Sz(2s), or to PSU3(2s). Since K contains a
unique class of involutions, all the involutions in K are elations of Π . Thus, NK (S)  KC . As NK (S)
is maximal in K for these groups, NK (S) = KC and hence K acts on l in its 2-transitive permutation
representation of degree either 2s + 1, 22s + 1, or 23s + 1, according to whether K is isomorphic to
either PSL2(2s), or Sz(2s), or PSU3(2s), respectively. In particular, if K ∼= PSL2(2s), then Π ∼= PG2(2s)
by [34]. Thus, we obtain the assertions (1a), (1b) and (1c), respectively.
Assume that K ∼= SU3(2s). We may also assume that s is odd, since for s even the group SU3(2s) ∼=
PSU3(2s) has been investigated above. Let α be a generator of the center of K . Clearly, o(α) = 3 as s is
odd. Moreover, α ﬁxes the center of any elation in K . Thus α ﬁxes l pointwise, since K is transitive
on l and α is central in K . However, this contradicts the fact that G , and hence K , has faithful action
on the line l.
Finally, assume that K = O (K )Q , where O (K ) is the maximal normal subgroup of K of odd order,
and Q is a Frobenius complement. As G is faithful on l, so is K . Thus, K is a Frobenius group by [40,
Proposition 8.2]. Moreover, O (K ) is abelian and regular on l by [40, Proposition 8.3]. 
Note that the case (2) typically occurs in Desarguesian planes of even order (recall that the action
of K on l is faithful).
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collineations of Π . Therefore, n is a square. We shall use this assumption implicitly without recall-
ing it, unless it is explicitly required.
Lemma 4. The following occur:
(1) if u is an odd prime dividing n + 1, then u ≡ 1 mod 4;
(2) if 2i divides n + 1, then i = 0,1.
Proof. Let u be an odd prime dividing n + 1. Since n is a square, (√n )2 ≡ −1 mod u, and hence
u ≡ 1 mod 4. For the same reason, if 2i divides n+1, then (√n )2 ≡ −1 mod 2i , and hence i = 0,1. 
Let σ be any involution of G . Set Fixl(σ ) = Fix(σ ) ∩ l. It is known that
∣∣Fixl(σ )∣∣= |CG(σ )||GP |
∣∣{β ∈ GP : β g = σ for some g ∈ G}∣∣ (1)
(see, e.g., [38, relation (9) on p. 69]). Now, set
Kσ =
∣∣{β ∈ GP : β g = σ for some g ∈ G}∣∣.
Then by (1), we have |Fixl(σ )| = |CG (σ )|Kσ|GP | . Recall that |CG(σ )| =
|G|
|σ G | . Hence, |Fixl(σ )| = [G:GP ]Kσ|σ G | .
Since σ is a Baer collineation of Π , then |Fixl(σ )| = √n + 1. Furthermore, since G is transitive on l,
then [G : GP ] = n + 1. Furthermore, by substituting these values in |Fixl(σ )| = [G:GP ]Kσ|σ G | , we obtain
∣∣σ G ∣∣(√n + 1) = Kσ (n + 1). (2)
Therefore, n + 1 | |σ G |(2,n + 1), since (n + 1,√n + 1) | 2.
Let L = soc(G). Since G is faithful and transitive on l, it follows that L  GP . Moreover, [G/L :
GP L/L][L : LP ] divides |σ G |(2,n + 1).
In particular, [L : LP ] | |σ G |(2,n + 1). The same applies if we replace LP with a maximal sub-
group M of L containing LP . That is,
[L : M] | ∣∣σ G ∣∣(2,n + 1). (3)
From now on, we assume that G is almost simple, i.e., L  G  aut(L), where L = soc(G) is
nonabelian simple. So, in order to prove our results, we ﬁlter the groups G with respect to (3) in
conjunction with other restrictions arising from geometry.
Lemma 5. Let G be an almost simple collineation group of a projective plane Π of order n ﬁxing a line l. If G is
transitive on l, then G is faithful on l.
Proof. Let N be the action kernel of G on l. Clearly, L ∩ N = 〈1〉 by the deﬁnition of the socle of
a group, as L = soc(G). Actually, L  N , as L is a nonabelian simple group. Consequently, L = L(l).
Then L = L(C, l) for some point C ∈ Π by [23, Theorems 4.25 and 4.14]. Therefore, |L| divides either n
or n − 1, according to whether C ∈ l or C /∈ l, respectively. In each case, |L| < n + 1. On the other
hand, [G/N : GP /N] = n + 1, as G is transitive on l and L  N . So, |L|  n + 1 < out(L), which is a
contradiction (e.g., see [30, Tables 5.1.A–5.1.C]). Thus we obtain the assertion. 
Lemma 6. Let G be an almost simple collineation group of a projective plane Π of order n ﬁxing a line l. If the
action of G on l is transitive, then L cannot be isomorphic either to Ak, for k 5, or to a sporadic group.
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|σ G | = k(k−1)(k−2)(k−3)8 and n+1 | 2|σ G |. If L is totally irregular on Π , then k 21 by [22]. By ﬁltering
n + 1 for k  21 with respect to the restrictions provided above, in conjunction with those provided
in [20] and in Lemma 4, we see that the admissible values for n are 42, 52, 82, 132, 212 or 572. Note
that the transitive permutation representation degrees of Ak for k  21 can be derived from infor-
mation provided in [1]. By ﬁltering such permutation degrees with respect to the above restrictions,
we may limit ourselves to the case n = 42 and A17 G acting in its natural 2-transitive permutation
representation of degree 17. However, this case cannot occur, by [3]. Hence, LQ = 〈1〉 for some point
Q ∈ Π − l. So, |L|  n2, and √|L| < n + 1. Since n + 1 | k(k−1)(k−2)(k−3)4 , then
√|L| < k(k−1)(k−2)(k−3)4
and therefore k!  [k(k−1)(k−2)(k−3)]216 . Easy computations show that k  9, and these numerical cases
can be ruled out by the same argument as above.
Finally, the case when G is sporadic is ruled out by ﬁltering the list of maximal subgroups of G
given in [1], with respect to the restrictions provided in [20] and in Lemma 4. 
By the previous lemma, we may restrict ourselves to the cases when the socle L of G is a sim-
ple group of Lie type. The following lemma, which mainly relies on [42, Theorem 1.6], provides a
restriction on the stabilizer in L of a point of l, when the characteristic of L is of a certain type.
Lemma 7. Let L = L(ph) be a simple group of Lie type, where p = 2 or p ≡ 3 mod 4. If P ∈ l, then LP lies in a
maximal parabolic subgroup of L.
Proof. Let L = L(ph) be a simple group of Lie type, where either p ≡ 3 mod 4 or p = 2. Since L
contains a Baer involution of Π , by Lemma 4, the group LP contains either a Sylow p-subgroup of L
for p ≡ 3 mod 4, or a subgroup of index at most 2 of a Sylow 2-subgroup of L for p = 2. Let M be a
maximal subgroup of L containing LP , where P ∈ l. If M contains the whole Sylow p-subgroup of L,
then M is a maximal parabolic subgroup of L by [42, Theorem 1.6], and we obtain the assertion.
Assume that M is non-parabolic. Assume also that p = 2 and that a Sylow 2-subgroup of M is of
index 2 in a Sylow 2-subgroup of L. If L is classical, then either M ∈⋃8i=1 Ci(G) (geometric classes) or
M ∈ S by [30, Theorem 1.2.3]. Let d be the dimension of the natural projective module for L. If d 12,
then |M| > q3d and hence M ∈ Ci(L), with 1 i  8, i = 6, by [32, Theorem 4.1], as M is maximal in L.
Finally, the remaining cases are ruled out by a careful analysis of the maximal subgroups of L given
in [30, Chapter 4]. So, d  11. Then either L ∼= PSL2(4) and M ∼= D6 or D10, or L ∼= Sp6(2)′ ∼= PSL2(9)
and M ∼= PSL2(5) or E9.Z4 by [27]. Since n must be a square, the unique admissible case is n = 9 and
either L ∼= PSL2(4) and LP = M ∼= D6, or L ∼= Sp6(2)′ ∼= PSL2(9) ∼= A6 and LP = M ∼= E9.Z4. These cases
are ruled out, since the group L does not contain involutory perspectivities of Π by our assumption.
Note that Theorem A of [20] forces these groups to have involutory perspectivities when acting on a
projective plane of order n =m2, where m ≡ 2,3 mod 4.
Now, let L be an exceptional group of Lie type. Recall that [S : S∩M] = 2 for a Sylow 2-subgroup S
of L. However, [M : S ∩M] 3 by the maximality of M . If M is not isomorphic either to Eε6(q), ε = ±,
or to E7(q), then |M| > qk(L) , where k(L) is deﬁned in [33]. Thus, the group M is listed in Table 1
of [33], as M is non-parabolic. This is a contradiction, since the condition [S : S ∩ M] = 2 does not
hold in any of these cases. For the groups L ∼= Eε6(q), ε = ±, and L ∼= E7(q), q is even, we have that
|M| > qk(L)−1. If we repeat the same proof of [33], under the assumption |M| > qk(L)−1, we obtain the
analogous list of [33] for the non-parabolic case. Obviously, this new list contains that of [33] and
some other cases. By a direct inspection of each case in the new list, we may verify that none of
these groups satisﬁes the condition [S : S ∩ M] = 2, and so they are all ruled out. This completes the
proof. 
Let σ be a Baer involution of Π lying in a simple group of Lie type L = L(ph), p odd. For our
convenience, in the proof of the following lemma, we set Π0 = Π and Π1 = Fix(σ ). Clearly, CL(σ ) acts
on Π1 with action kernel N containing 〈σ 〉. The following lemmas provide some useful information
on the structure of the group CL(σ )/N when A ◦ B  CL(σ ), where A ∼= SL2(q) and B is a suitable
group. We are interested in this particular type of centralizer of an involution, since it typically occurs
when L is classical.
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B¯ ∼= B/(B ∩ N). Then we obtain the following lemma.
Lemma 8. Let Π2 be a subplane of Π1 left invariant by A (resp. B) and assume that the following occur:
(1) the group A (resp. B) contains a p-element which ﬁxes Π2 ∩ l pointwise;
(2) either Π2 = Π1 , or Π2 is a Baer subplane of Π1;
then the stabilizer in L of a point of l lies in a maximal parabolic subgroup of L.
Proof. Let φ be a p-element of B ﬁxing Π2 ∩ l pointwise. Then φ induces on Π2 either the identity or
a perspectivity of axis Π2 ∩ l. If Π2 = Π1, then p | √n(√n− 1) in each case. So, (p,n+ 1) = 1 in each
case, and hence the stabilizer in L of a point of l contains a Sylow p-subgroup of L, as G is transitive
on l and L  G . Then LP lies in a maximal parabolic subgroup of L by [42, Theorem 1.6]. Thus, we
obtain the assertion.
Now, assume that Π2 is a Baer subplane of Π1. If we argue as above, with Π1 in the role of Π
and Π2 in the role of Π1, we see that p | 4√n( 4√n − 1). Again, (p,n + 1) = 1, and the assertion
follows. 
Lemma 9. If B is a classical group in odd characteristic p, then one of the following occurs:
(1) the stabilizer in L of a point of l lies in a maximal parabolic subgroup of L;
(2) 4
√
n + 1 d0(B), where d0(B) is the minimal primitive permutation representation of B.
Proof. Let γ be an involution of A¯ ∼= PSL2(q). If γ is a Baer involution of Π1, then B¯ acts on Fix(γ )∩ l.
Let R¯ be the kernel of the action of B¯ on Fix(γ ) ∩ l. If R¯ = B¯ , then the assertion (1) follows by
Lemma 8, as p divides the order of B . Hence, assume that R¯ < B¯ . Then 4
√
n + 1  d0(B¯/R¯), where
d0(B¯/R¯) is the minimal primitive permutation representation of B¯/R¯ . Let X be the inverse image
in B of R¯ . Then B¯/R¯ ∼= B/X , since B ∩ N  X . Therefore, X < Z(B), since B is classical and R¯ is a
proper normal subgroup of B¯ . Thus, d0(B/X) ∼= d0(B) by [30, Proposition 5.2.1]. Then 4√n+ 1 d0(B),
since B¯/R¯ ∼= B/X , and assertion (2) follows.
Assume that γ is a (C,a)-perspectivity on Π1. If either a = Π1 ∩ l or A¯ ﬁxes C , then A¯ = A¯(a)
or A¯ = A¯(C) accordingly, since A¯ is a nonabelian simple group. At this point, assertion (1) follows
by Lemma 8, or its dual, respectively, since p divides the order of A¯. Suppose that a = Π1 ∩ l and
A¯ moves C on Π1 ∩ l. Since A¯ ∼= PSL2(q) contains a unique conjugate class of involutions, these are
perspectivities of Π1. Furthermore, any two commuting involutory perspectivities have either the
same axis, which must be distinct from Π1 ∩ l, or the same center, which lies on Π1 ∩ l, or they are
homologies in a triangular conﬁguration (see, e.g., [25]). If the latter occurs, one of these involutory
homologies has axis Π1 ∩ l. Consequently, by the above argument, A¯ = A¯(Π1 ∩ l) and we obtain a
contradiction since γ lies in A¯, and is a (C,a)-perspectivity on Π1 with a = Π1 ∩ l. Thus, any two
commuting involutory perspectivities have either the same axis, which is distinct from Π1 ∩ l, or the
same center, which lies on Π1 ∩ l. Now, we may use [17] to show that A¯ ∼= PSL2(5), i.e., q = 5, since
A¯ ∼= PSL2(q), q is odd, and PSL2(5) ∼= PSL2(4). In particular, there are either 1 or 2 doubly transitive
A¯-orbits on Π1 ∩ l, each of length 5, depending to whether √n is even or odd. Moreover, one these
orbits contains the centers of the involutory perspectivity of Π1 lying in A¯. Let θ be the number of
such A¯-orbits on Π1 ∩ l. If 5 | n(n−1), then 5 does not divide n+1, and we again obtain assertion (1),
as q = 5. Assume that 5 does not divide n(n − 1); then a collineation ρ of order 5 in A¯ ﬁxes at least
one point on Π1 ∩ l. Actually, the condition that 5 does not divide n(n − 1) implies that ρ ﬁxes at
least 3 points on Π1 ∩ l and at least 2 on Π1 − (Π1 ∩ l). Therefore, 〈ρ〉 ﬁxes a subplane of Π1. Let η be
an involutory (X, y)-perspectivity of Π1 normalizing 〈ρ〉. Then, X ∈ Fix(ρ)∩ l. This is a contradiction,
since X lies in one of the two doubly transitive orbits A¯-orbits on Π1 ∩ l and these are disjoint from
Fix(ρ) ∩ l. This completes the proof. 
From now on, the cases when L is classical or exceptional of Lie type are investigated separately.
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Lemma 10. If L ∼= PSLd(q), d  2, then the stabilizer in L of a point of l lies in a maximal parabolic subgroup
of L.
Proof. Let P be a point of l, and let M be a maximal subgroup of L containing LP . As mentioned
above, we are going to ﬁlter the maximal subgroups of L with respect to the condition [L : M] |
|σ G |(2,n + 1) for a suitable involution σ of L.
Assume that p is odd. In L, let σ be the projective image of the involution in SLd(q) represented
by the matrix diag[−I2, Id−2]. We may also assume that q ≡ 1 mod 4; otherwise the assertion easily
follows by Lemma 7. Since SL2(q)◦ SLd−2(q) CL(σ ) acts on Fix(σ ) by Lemma 9, it follows that either
LP lies in a maximal parabolic subgroup, or 4
√
n + 1  qd−2−1q−1 by [30, Table 5.2.A], as p is odd and
d 4. If the latter occurs, then
n + 1
[
qd−2 − q
q − 1
]4
+ 1. (4)
By [30, Proposition 4.1.4], |σ G | = |σ L | and |σ G | divides 1f qd−2 (q
d−1)(qd−1−1)
(q2−1)(q−1) , where f = 1 or 2 accord-
ing to whether d = 4 or d = 4 (see also, e.g., [14]). Therefore,
n + 1 2
f
qd−2 (q
d − 1)(qd−1 − 1)
(q2 − 1)(q − 1) , (5)
as n + 1 | 2|σ G |. By composing (4) with (5), we obtain
[
qd−2 − q
q − 1
]4
+ 1 2
f
qd−2 (q
d − 1)(qd−1 − 1)
(q2 − 1)(q − 1) .
This yields d = 4, 5 or 6. In each of these cases, the group LP lies in a maximal parabolic subgroup
by [27], contradicting our assumptions. This completes the proof. 
Lemma 11. Let Π be a ﬁnite projective plane of order n admitting a collineation group PSLd(q) G ﬁxing a
line l of Π . If G acts transitively on l, then d 2.
Proof. Assume that L ∼= PSLd(q), d 3. Suppose that q is odd. If also d is odd, let α be the projective
image of the involution in SLd(q) represented by the matrix diag[−Id−1,1]. Then |αG | = qd−1 qd−1q−1
(see, e.g., [30, Proposition 4.1.4]). By Lemma 10 for d  4, by Lemma 4 for d = 3 and q ≡ 3 mod 4,
then [L : M] | qd−1q−1 in these cases, as [L : M] | 2|αG |. On the other hand, the minimal permutation
representation degree of L is q
d−1
q−1 , as q is odd and d 3. Therefore, [L : LP ] = n+1 = q
d−1
q−1 , as LP  M .
Then L acts on l in its natural 2-transitive permutation representation, contradicting [3, Theorem 5.2],
as q is odd and d  3. Therefore, d = 3 and q ≡ 1 mod 4. Hence, |αG | = q2(q2 + q + 1). Actually,
n + 1 | q2 q2+q+1u , where u is a prime dividing q2 + q + 1 and such that u ≡ 3 mod 4, as n + 1 | 2|αG |
and as q2 + q + 1 ≡ 3 mod 4. So n q4, which contradicts [5, Lemma 8].
Suppose that d is even, and let β be the projective image of the involution in SLd(q) represented
by the matrix diag[−Id−2, I2]. Then |βG | = q2d−2( qd−1−1q−1 )2 (see, e.g., [30, Proposition 4.1.4]). Arguing
as above, since [L : M] | 2|βG | and since ([L : M],q) = 1, we obtain [L : M] | 2( qd−1−1q−1 )2. However, this
is impossible, since [L : M] must be divisible by a primitive prime divisor of qd − 1, for d  3 and
q odd, as M is a maximal parabolic subgroup of L.
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Then |αG | = (qd−1 − 1) qd−1q−1 by [30, Proposition 4.1.4]. On the other hand, qm(d−m) |
√
n(
√
n − 1)
by [23, Result 1.14], since L contains an elementary abelian 2-group of order qm(d−m) consisting of
Baer collineations of Π . In any case, q2m(d−m) < n + 1. Since n + 1 divides |αG | = (qd−1 − 1) qd−1q−1 ,
then m = 1. So, qd−1 | √n(√n − 1). Suppose that qd−1 | √n. Then n + 1 = θq2d−2 + 1. Since n + 1 di-
vides |γ G |, we obtain θ = 1. Hence, n + 1 = q2d−2 + 1, and we obtain a contradiction, since q2d−2 + 1
does not divide |γ G | = (qd−1 − 1) qd−1q−1 for d 3. This completes the proof. 
Lemma 12. Let Π be a ﬁnite projective plane of order n admitting a collineation group PSLd(q) G, d  2,
that ﬁxes a line l of Π , then G does not act transitively on l.
Proof. In order to prove that the assertion is true, we just need to investigate the case when d = 2
by Lemma 11. As PSL(2,q) G  PΓ L(2,q), then n + 1 = w[L : LP ], where w | (2,q − 1)r as q = pr .
Assume that n > q2. This yields
|LP | < wq
(2,q − 1) . (6)
Assume that p = 2 or q ≡ 3 mod 4. Then, by Lemma 4, q
(2,q−1) | |LP |. Then, LP  Eq.Z q−1
(q−1,2)
, and
hence q + 1 divides [L : LP ] and n + 1. If either q ≡ 3 mod 4 or q is an odd power of 2, then 4 or 3
divides q + 1 and hence n + 1, respectively, but this contradicts Lemma 4. Hence, assume that q is
an even power of 2. Therefore, q2 | |LP |. Now, if γ is an involution of LP , since Kγ  q/2 − 1 and
|γ G | = q2 − 1, by (2), we obtain
√
n − 1< n + 1√
n + 1 
q2 − 1
q/2− 1 .
Therefore,
√
n−1< 2q−1 as q > 2. On the other hand, either q | √n or q | √n−1 by [23, Result 1.14].
Since n > q2, then either
√
n  2q or
√
n − 1  2q, or √n = q + 1. However, only the latter occurs,
since
√
n− 1< 2q− 1. That is, n+ 1 = q2 + 2q+ 2, which we have ruled out, since it does not satisfy
n+1 | 2|γ G | for |γ G | = q2−1. Hence, q ≡ 1 mod 4. Recall that L contains a unique class of involutions.
Thus, if ρ is one of these involutions, then |ρL | = |ρG |. Since q ≡ 1 mod 4, then CL(ρ) ∼= Dq−1, and
hence |ρG | = 12q(q+1). Therefore, n+1 | q(q+1) by Lemma 3 (1). Actually n+1 = q(q+1), as n > q2.
This is impossible, since n must be a square, whereas q2 < n < (q + 1)2. Thus, n  q2. Then, by [39,
Theorem 1.1], one of the following occurs:
(1) n = 16 or 25, and L ∼= PSL(2,5);
(2) n = 16, Π is the Lorimer–Rahilly plane or the Johnson–Walker plane or their duals, and L ∼=
PSL(2,7);
(3) n = 81, and L ∼= PSL(2,9);
(4) n q2, q even, and L ∼= PSL(2,q).
Note that the part of proof of Theorem 1.1 provided in Section 8 of [39] for the case q even,
it is also shown that the involutions are perspectivities for n < q2. Hence the case (4) is ruled out
for n < q2. Actually, none of the cases (1)–(3), or (4) for n = q2 really occurs, since n + 1 does not
divide w|L|. 
Lemma 13. Let Π be a ﬁnite projective plane of order n admitting a collineation group PSUd(q) G, d  3,
that ﬁxes a line l of Π , then G does not act transitively on l for q odd.
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resented by the matrix diag[−I2, Id−2]. By [30], |σ G | = 1δ q2(d−2) (q
d−(−1)d)(qd−1−(−1)d−1)
(q2−1)(q+1) , where δ = 1
or 4, according to whether d = 4 or d = 4, respectively. In particular, SL2(q) ◦ SUd−2(q)  CL(σ ) acts
on Fix(σ ). Assume that d 5. By Lemma 9, either LP lies in a maximal parabolic subgroup, or
4
√
n + 1 (q
d−2 − (−1)d−2)(qd−3 − (−1)d−3)
q2 − 1 , (7)
by [30, Table 5.2.A], as p is odd. Since n + 1 | 2|σ G |, it follows that d = 5. Then 4√n  q3 by substi-
tuting d = 5 in (7). Moreover, since |σ G | is even for d = 5, the case n + 1 = 2|σ G | cannot occur by
Lemma 4 (2). Thus n+1 |σ G |, as n+1 | 2|σ G |. That is, n < (q3 +1)4, as q is odd. Therefore, n = q12,
i.e. n + 1 = q12 + 1, contradicting the fact that n + 1 | 2|σ G |. Hence, LP lies in a maximal parabolic
subgroup of L.
Assume that d = 4. By Lemma 9 and [30, Table 5.2.A], either LP lies in a maximal parabolic sub-
group, or 4
√
n + 1 (q + 1)(q3 + 1), since q is odd. The latter case implies n + 1> 2|σ G | and is hence
ruled out. Therefore, LP lies in a maximal parabolic subgroup of L in this case also.
Finally, assume that d = 3, and CL(σ ) ∼= Z q+1
v
.PSL2(q), where v = (3,q + 1), by [37]. The group
PSL2(q) acts on Fix(σ ) ﬁxing the line l ∩ Fix(σ ). Note that q ≡ 1 mod 4; otherwise LP would lie
in a maximal parabolic subgroup of PSU3(q) by Lemma 4. Consequently, either
√
n ∈ {4,16,25} and
q = 5, or √n > q2 by [39, Theorem 1.1]. The numerical cases are easily ruled out by using [1]. Hence
n  (q2 + 1)2, and thus n + 1 = 2q2(q2 − q + 1), since n + 1 | 2|σ G |. This implies that any maximal
subgroup M containing LP must be isomorphic to Z q+1
v
.PSL2(q). Consequently, [M : LP ] = 2 since
n+1 = 2q2(q2−q+1). This is impossible; otherwise M would contain a splitting extension of PSL2(q),
for q odd. So LP lies in a maximal parabolic subgroup of L in any case.
Finally, let M be a maximal parabolic subgroup of L containing LP . Then ([L : M],q) = 1; hence
[L : M] divides 2(qd−(−1)d)(qd−1−(−1)d−1)
(q2−1)(q+1) , as q is odd. Nevertheless, this is impossible, since the minimal
primitive permutation representation degree of PSUd(q) is either
(qd−(−1)d)(qd−1−(−1)d−1)
q2−1 for d  5, or
(q + 1)(q3 + 1) for d = 4, or q3 + 1 for d = 3 and q = 5, or 50 for d = 3 and q = 5 (see, e.g., [30,
Table 5.2.A]). So, the case q odd is ruled out. 
Lemma 14. Let Π be a ﬁnite projective plane of order n admitting a collineation group PSUd(q) G, d  3,
that ﬁxes a line l of Π , then G does not act transitively on l.
Proof. Assume that q is even, and let τ be the projective image of a unitary transvection. As noted
in [14, paragraph 8.1], we have
∣∣τ G ∣∣ (qd − (−1)d)(qd−1 − (−1)d−1)(d,q + 1)2 log2 q
q + 1 . (8)
As M is a maximal parabolic subgroup of L containing LP , P ∈ l, by Lemma 7,
∏2k−1
j=0 [qd− j − (−1)d− j]∏k
j=1(q2 j − 1)
 (q
d − (−1)d)(qd−1 − (−1)d−1)(d,q + 1)2 log2 q
q + 1 (9)
by [8, (3.2)]. Thus, either k = 1 for d  3, or k = 2 and d = 4. Assume that k = 1. Let O be any ﬁxed
L-orbit on l. The action of L on the set of blocks of imprimitivity of O is equivalent to the action
of L on the set of isotropic points of PGd−1(q2). Since τ ﬁxes a hyperplane of PGd−1(q2) pointwise,
the collineation τ ﬁxes at least (q
d−1−(−1)d−1)(qd−2−(−1)d−2)
q2−1 isotropic points of PGd−1(q
2) in such a
hyperplane. Consequently, τ ﬁxes (q
d−1−(−1)d−1)(qd−2−(−1)d−2)
2 blocks of imprimitivity on the L-orbit O.q −1
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imprimitivity of L on O. Thus, τ ﬁxes at least (qd−1−(−1)d−1)(qd−2−(−1)d−2)
q2−1 points on l. Since τ is a Baer
collineation of Π , by [23, Theorem 3.6], we have
[
(qd−1 − (−1)d−1)(qd−2 − (−1)d−2)
q2 − 1 − 1
]2
+ 1 n + 1 2∣∣τ G ∣∣,
where |τ G | is given in (8). This yields d  4. Therefore, it remains to investigate the cases d = 3
and k = 1, d = 4 and k = 1,2. Assume that the latter occurs. Let α be the involutory transvection
represented in L by the matrix diag[I2, T ], where T is a 2 × 2 matrix with 0 on the main diagonal
and 1 elsewhere. Furthermore, L contains a subgroup consisting of the matrices diag[A, I2], which
is isomorphic to SU2(q) ∼= PSL(2,q2), and which commutes with the involutory transvection α. Then
PSL(2,q2) acts on Fix(α) which has order strictly less than q4 by (8). Therefore, either
√
n = q2 or√
n = 16 and q = 4, by [39, Theorem 1.1]. In other words, n+ 1 = q4 + 1 and n+ 1 = 257, respectively.
Nevertheless, we have a contradiction in either case, since (q + 1)(q3 + 1) | n + 1. Thus, d = 3 and
k = 1.
Finally, assume that d = 3 and k = 1. Since for any P ∈ l the group LP lies in a maximal parabolic
subgroup of PSU3(q), by [16], the group LP is isomorphic to S.Zθ , where S is a Sylow 2-subgroup of L,
and θ | q2 − 1. Again by [16], CL(ϕ) = S.Zq+1 and there exists a unique conjugate class of involutions
in L. Therefore, |ϕL | = |ϕG | = (q − 1)(q3 + 1). Moreover, the involutions in LP are conjugate in L.
So, the number of points that are ﬁxed by any involution ϕ of L in the orbit P L is (q2 − 1)/θ , by
relation (1) given at the beginning of the paper. Let c be the number of L-orbits on l. Then n + 1 =
c(q2 − 1)/θ · (q3 + 1) and √n + 1 = c(q2 − 1)/θ , as ϕ ﬁxes exactly c(q2 − 1)/θ points on l, as L  G
and G is transitive on l. This is impossible, as (
√
n + 1,n + 1) | 2 and √n + 1  3. The proof is now
complete. 
Lemma 15. Let Π be a ﬁnite projective plane of order n that admits a collineation group PSpd(q) G, d 4,
ﬁxing a line l of Π , then G does not act transitively on l.
Proof. Assume that q is odd. Consider in L the projective image σ of the involution in Spd(q) repre-
sented by the matrix diag[−I2, Id−2]. Then, CL(σ ) ∼= Sp2(q) ◦ Spd−2(q) and |σ G | = 1f qd−2 q
d−1
q2−1 , where
f is either 1 or 2 depending on whether d = 4 or d = 4, by [30, Proposition 4.1.3 (I) and (II)].
By Lemma 9, either for each P ∈ l the group LP lies in a maximal parabolic subgroup of L, or
4
√
n + 1 qd−2−1q−1 by [30, Table 5.2.A], as p is odd and d 4. In the latter case,
[
qd−2 − q
q − 1
]4
+ 1 2 1
f
qd−2 q
d − 1
q2 − 1 , (10)
since n + 1 | 2|σ G | and |σ G | = 1f qd−2 q
d−1
q2−1 . This yields d = 4, as d  4 by our assumption. So, n + 1 |
q2(q2 + 1). If n + 1 = q2(q2 + 1), then q4 < n < (q2 + 1)2, and we obtain a contradiction. Therefore,
n+ 1 q2(q2 + 1)/2, and we obtain a contradiction by combining 4√n+ 1 qd−2−1q−1 with the previous
upper bound for n + 1.
Therefore, for each P ∈ l, the group LP lies in a maximal parabolic subgroup M of L. Then [L : M]
is given by [8, (3.1)]. Thus,
∏d/2
j=1(q
2i − 1)∏k
(q j − 1)∏d/2−k(q2i − 1)
∣∣ 2
f
qd−2 q
d − 1
q2 − 1 ,j=1 j=1
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exists a primitive prime divisor of qd−2 − 1 that does not divide 2f qd−2 q
d−1
q2−1 for k 2. The case k = 1
is ruled out, since q
d−1
q−1 does not divide
1
f q
d−2 qd−1
q2−1 .
Finally, assume that q is even. Note that L contains an elementary abelian 2-subgroup of order qd/2
consisting of Baer involutions of Π . Similar arguments to those used for PSLd(q) yield that qd/2 divides
either
√
n or
√
n − 1. Assume that the former occurs. Then n + 1 = θqd + 1, for some θ  1. Since
n+1 | 2|σ G | and since |σ G | (qd−1)h, as noted in [14], we must have θ = 1. Therefore, n+1 = qd+1.
As G is transitive on l, a primitive prime divisor of qd+1 must divide the order of G , but this is clearly
impossible by [30, 5.2.15]. So qd/2 | √n − 1. Thus, n + 1 = c(qd/2 + 1)2 + 1 for some c  1. By arguing
as above, we obtain c = 1 and n+ 1 = (qd/2 + 1)2 + 1. In this case, bearing in mind the above formula
for the index of a maximal parabolic subgroup of L, we see that a primitive prime divisor of qd − 1,
which must exist since d  4, must divide n + 1. This is impossible for n + 1 = (qd/2 + 1)2 + 1, and
the proof is now completed. 
Lemma 16. Let Π be a ﬁnite projective plane of order n admitting a collineation group Ωd(q) G, dq odd,
ﬁxing a line l of Π , then G does not act transitively on l.
Proof. First, note that d 7, since Ω5(q) ∼= PSp4(q) has been ruled out above. Note that Ωεd−1(q).2< L,
where ε = ±, contains a central involution σ , such that |σ L | = 12q
d−1
2 (q
d−1
2 + ε) by [30, Proposi-
tion 4.1.6]. Furthermore, by [30, Table D], we see that |σ L | = |σ G |. Now, Ωεd−1(q) acts on Fix(σ ) ﬁxing
Fix(σ )∩ l. Suppose that the action of Ωεd−1(q) on Fix(σ )∩ l is non-trivial; otherwise we may conclude
that the stabilizer in L of a point of l lies in a maximal parabolic subgroup M , excluding this case
(e.g., as below in this proof). Hence, the number of points of Fix(σ )∩ l is greater than or equal to the
minimal primitive permutation representation degree of Ωεd−1(q). That is,
√
n + 1 (q
d−1
2 − ε)(q d−32 + ε)
(q − 1)
by [30, Table 5.2.A], as q is odd. Since n + 1 | 2|σ G |, we obtain
[
(q
d−1
2 − ε)(q d−32 + ε)
(q − 1) − 1
]2
+ 1< q d−12 (q d−12 + ε),
which is impossible for d 7. Thus, by arguing as in Lemma 8, we may assert that the stabilizer in L
of a point of l lies in a maximal parabolic subgroup M of L. Then by [8, relation (3.3)], in conjunc-
tion with [30, Table 5.2.A] (bearing in mind that the indices of the maximal parabolic subgroups are
coprime to q), we obtain
∏ d−1
2
j= d−12 −k+1
(q2i − 1)
∏k
j=1(q j − 1)
∣∣ 1
2
(
q
d−1
2 + ε),
where 1  k  d−12 , as [L : M] | 2|σ G |. Actually, k = 1; otherwise there would be a primitive prime
divisor of qd−3 − 1, since q is odd and d 7, which clearly does not divide 12q
d−1
2 (q
d−1
2 + ε). However,
the case k = 1 cannot occur, since qd−1−1q−1 does not divide 12 (q
d−1
2 + ε). The proof is now complete, as
q is odd. 
Lemma 17. LetΠ be a ﬁnite projective plane of order n that admits a collineation group PΩεd (q) G, d even,
ﬁxing a line l of Π , then G does not act transitively on l.
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ε1ε2 = ε (e.g., see [30, Proposition 4.1.6]). In particular, one of these groups contains a central involu-
tion; denote it by σ . Therefore, |σ L | = qd−2(qd/2−1+ε2)(qd/2−ε)2(q−ε1) for (d, ε) = (8,+). Actually, |σ L | = |σ G |,
by [30, Tables E and F, column V]. When (d, ε) = (8,+), it is easy to see that |σ G | 3 q6(q3+ε2)(q4−ε)2(q−ε1) .
Let M be a maximal subgroup of L. Assume that |M| q3d . As [L : M] | 2|σ G |, we have
qd/2(d/2−1)(qd/2 − ε)
(4,qd/2 − ε)
d/2−1∏
i=1
(
q2i − 1) θ qd−2(qd/2−1 + ε2)(qd/2 − ε)
2(q − ε1) , (11)
where θ = 1 or 3, depending on whether or not (d, ε) is equal to (8,+). Easy computations show that
(11) is impossible for d 8. So, (d, ε) = (8,+) and M ∈ Ci , 1 i  8, i = 6, by Theorem 4.1 of [32], as
q is odd. Now, since vp(L) = 14hd(d − 2) and since [L : M] | 2|σ G |, we have
vp(M)
1
4
h(d − 2)(d − 4). (12)
Suppose that M ∈⋃i∈{2,3,4,5,7} Ci (only ε = + for M ∈ C7). By [30, Tables 3.5.E–F and Chapter 4],
it is easy to see that vp(M) 18hd(d− 2) for i = 4 and vp(M) h8d2 for i = 4, which contradicts (12)
in each case. So, only the case M ∈ C1 remains to be investigated.
Assume that M is of type O ε1m (q)⊥O ε2d−m(q). If m is odd, by [30, Proposition 4.1.6], we have
1
4
h
[
(m − 1)2 + (d −m − 1)2]= vp(M) 1
4
h(d − 2)(d − 4).
Easy computations yield (m − 2)(2 − (d − m)) + 1  0. This is impossible, unless either m = 1 or
d − m = 1, as m is odd. Furthermore, p ≡ 1 mod 4; otherwise M would be a maximal parabolic
subgroup L by Lemma 7, whereas M is of type O ε1m (q)⊥O ε2d−m(q). Therefore, either ε = + and
M ∼= Ωn−1(q), or ε = − and M ∼= Ωn−1(q).Z2 by [30, Propositions 4.1.6 and 2.5.13]. However, each
of these cases is ruled out, since the condition [L : M] | 2|σ G | is violated. So m is even, and by [30,
Proposition 4.1.6], we obtain
h
[
m
2
(
m
2
− 1
)
+ d −m
2
(
d −m
2
− 1
)]
= vp(M) 1
4
h(d − 2)(d − 4).
Easy computations yield (m−2)(2− (d−m)) 0. This is impossible, unless either m = 2 or d−m = 2,
as m is even, again by [30, Proposition 4.1.6]. As [L : M] | n + 1, which in turn divides 2|σ G |, and as
p ≡ 1 mod 4 by Lemma 4, it is easy to see that
n + 1 = xq
d−2(qd/2−1 + ε2)(qd/2 − ε)
2(q − ε1) , (13)
where x = 1 or 2.
Note that Ωε2d−2(q) < LP . Set H = Ωε2d−2(q). By [30, Proposition 4.1.6], the group H contains an
involution ψ that is conjugate to σ and such that
(1) for ε2 = +, either CH (ψ) = (Ω+2 (q) ◦ Ω+d−4(q)).[4], or CH (ψ) = (Ω−2 (q) × Ω−d−4(q)).2;
(2) for ε = −, CH (ψ) = (Ωζ12 (q) × Ωζ2d−2(q)).[2], with ζ1ζ2 = −.
Thus, Kσ  q
d−4(qd/2−2+ζ1)(qd/2−2−ε)
2(q−ζ ) in each case.2
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√
n − 1< n + 1√
n + 1 =
|σ G |
Kσ
 q
2(q + 1)3
(q − 1)2 .
That is,
n + 1<
[
q2(q + 1)3
(q − 1)2
]2
+ 1, (14)
and hence,
(qd/2−1 + ε)(qd/2 − ε)
(q − 1) <
[
q2(q + 1)3
(q − 1)2
]2
+ 1 (15)
by (13). Easy computations yield d = 10 and q = 3. Hence, L ∼= PΩε10(3). Then 11 | n + 1 for ε = +,
and 25 | n + 1 for ε = −, since (qd/2−1+ε)(qd/2−ε)
(q−1) | n + 1, contradicting Lemma 4 in both cases.
Finally, assume that M is a maximal parabolic subgroup of L. Assume also that d > 8. Then
∏k−1
j=0(qd/2−2 j − ε)(qd/2−2 j−1 + ε)∏k
j=1(q j − 1)
∣∣ qd−2(qd/2−1 + ε2)(qd/2 − ε)
(q − ε1) . (16)
Thus k = 1; otherwise, a primitive prime divisor of qd/2−2 + ε would not divide the second part
of (16), as d > 8. Furthermore, it holds that ε = ε2 and ε1 = +. Hence, (qd/2−1+ε)(qd/2−ε)(q−1) | n + 1. In
particular, M ∼= [qd−2] : Y , where Y is isomorphic to (P )Ωεd−2(q). As Y acts irreducibly on [qd−2], the
latter is an elementary abelian group. Furthermore, [M : LP ] | qd−2 by [30, Proposition 4.1.20], since
[L : M] = (qd/2−1+ε)(qd/2−ε)
(q−1) . Thus, Y  LP . Moreover, either [M : LP ] = qd−2 or LP = M , since Y acts
irreducibly on [qd−2].
Arguing as above, we easily see that Y contains an involution ρ , such that Kρ 
qd−4(qd/2−2+ζ1)(qd/2−2−ε)
2(q−ζ2) . From this we can still derive (14), and then (15) as [L : M] =
(qd/2−1+ε)(qd/2−ε)
(q−1) ,
which produces a contradiction in this case as well.
Now, assume that d = 8. Recall that (d, ε) = (8,+) as ruled out above. Hence, ε = −, and therefore
(q2 + q + 1)(q4 + 1) | n + 1. Then q2 + q + 1 ≡ 3 mod 4 for q ≡ 1 mod 4, while q4 + 1 ≡ 0 mod 4 for
q ≡ 3 mod 4. So we have a contradiction in each case by Lemma 4. Thus, the case q odd is ruled out.
Finally, assume that q is even. Let τ be the projective image of the involution in Ωεd (q) represented
by the matrix diag[A, Id−2], where A is a 2× 2 matrix with 0 on the main diagonal and 1 elsewhere.
Clearly, Ωε0d−2(q) CG(τ ) and therefore |τ G | divides 2r[Ωεd (q) : Ωε0d−2(q)], where q = 2r . Since n + 1 |
2|τ G |, and since LP lies in a maximal parabolic subgroup of L by Lemma 7, by taking into account
Lemma 4, we see that n + 1 | 2r(qd/2 − ε)(qd/2−1 + ε0). On the other hand, L contains an elementary
abelian subgroup of order qd−2 consisting of Baer collineations of Π . Therefore, qd−2 | √n(√n − 1)
by [23, Result 1.14]. Thus q2(d−2) < n + 1, and hence q2(d−2) < 2 f (qd/2 − ε)(qd/2−1 + ε0) in each case.
But this is impossible, since d 8, and the proof is thus complete. 
4. G is exceptional of Lie type
In this section we deal with the case where G is exceptional of Lie type. We study the cases
where q is odd or even separately for most of the groups investigated. Furthermore, as mentioned
at the beginning of the paper, throughout this section the involutions in G are assumed to be Baer
collineations of Π .
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If the socle of G is isomorphic either to 3D4(q) or to G2(q), then G does not act transitively on l.
Proof. Assume that G acts transitively on a line l of a projective plane Π of order n. Assume also
that the socle L is isomorphic either to 3D4(q) or to G2(q). Clearly GP = NG(LP ), where LP lies in a
maximal subgroup M of L listed in either [28, Main Theorem], or [29, Theorems A and B], respectively.
A straightforward checkup of the lists given in the above mentioned papers yields that either q2+q+1
divides [L : M] and hence n + 1, or one of the following occurs:
(1) L ∼= 3D4(q) and one of the following occurs:
(a) M ∼= 3D4(q0), where q = qα0 , α is a prime and α = 3;
(b) M ∼= ((Zq2+q+1) ◦ SL3(q)) · f+.2, where f+ = (3,q2 + q + 1);
(c) M ∼= (Zq2+q+1)2 · SL3(2).
(2) L ∼= G2(q) and one of the following occurs:
(a) M ∼= SL3(q) : Z2, and p = 3;
(b) M ∼= G2(q0), where q = qα0 , α is a prime and α = 3;
(c) M ∼= PSL2(8).
It is easy to see that in cases (1b) and (1c) [L : M], and hence n + 1 is divisible by 4, contra-
dicting Lemma 4 (2). Assume that (1a) occurs. So M ∼= 3D4(q0), where q = qα0 , α is prime and α = 3.
Actually α = 2, as otherwise 4 would divide [L : M] and we would again obtain a contradiction. There-
fore, α > 3. Since vp([L : M]) = q12(α−1)0 , [L : M] | 2|σ G | and vp(2|σ G |) = q8α0 by [28, Main Theorem],
12(α − 1) 8α. This is impossible, since α > 3.
In the case (2c), and in the case (2b) for α = 2, [L : M] is divisible by 4, and we obtain a contra-
diction. Assume that (2b) occurs for α > 3, then vp([L : M]) = q6(α−1)0 and vp(2|σ G |) = q4α0 by [29],
and hence 6(α − 1) 4α. This is impossible, since α > 3.
Finally, assume that the case (2a) occurs. Then [L : M] = 12q3(q3 + 1) divides n + 1. Thus, p ≡
1 mod 4, otherwise we have a contradiction by Lemma 4 (1). Let σ be an involution of L; then
[L : M] = 12q3(q3 + 1) must divide |σ G | = q4(q4 + q2 + 1), since CL(σ ) ∼= (SL(2,q) ◦ SL(2,q)) · 2 and
|σ L | = |σ G | by [29, Theorems A and B]. That is, q+12 | (q2 − q + 1). Since (q + 1,q2 − q + 1) | 3 and
since [L : LP ] ≡ 0 mod 3 by Lemma 4 (1), it follows that q+12 = 1, which is clearly impossible.
Assume that q2 + q+ 1 divides the index of each admissible maximal subgroup L. Then, q2 + q+ 1
divides n + 1. Therefore, 3 | n + 1 for p = 3. As a consequence, we have a contradiction for p = 3 by
Lemma 4 (1). Thus, p = 3 and LP lies in a maximal parabolic subgroup M of L by Lemma 7.
Now, assume that L ∼= 3D4(q). Since M is parabolic, M ∼= [3(9+t)m] : (SL2(3(3−t)m) ◦ Z3(1+t)m−1) · 2,
where t = 0 or 2. If t = 2, then
[S : M] = (33m + 1)(38m + 34m + 1)
divides n + 1, where 38m + 34m + 1 ≡ 3 mod 4, contradicting Lemma 4 (1). Consequently, t = 0 and
hence
[S : M] = 3
6m − 1
3m − 1
(
34m − 32m + 1) (17)
divides n + 1. If m is odd, then 36m−13m−1 ≡ 0 mod 4 by [41, Result P1.2.v], contradicting Lemma 4 (2).
So, m is even. On the other hand, if β is an involution in L, then CL(β) ∼= (SL2(q3) ◦ SL2(q)).2, and
|σ L | = |σ G | by [28]. So, |σ G | = 36m 36m−1
32m−1 (3
4m − 32m + 1). As n + 1 | 2|σ G |, it follows that n + 1 |
23
6m−1
32m−1 (3
4m − 32m + 1) by Lemma 4. However, this is impossible, since 36m−13m−1 divides n + 1, but does
not divide 3
6m−1
2m (3
4m − 32m + 1).
3 −1
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and n+ 1 by [29, Theorems A and B]. On the other hand, if σ is an involution, then CL(σ ) ∼= (SL2(q) ◦
SL2(q)).2 by [29]. Consequently, |σ G | = 34m 36m−13m−1 . As n + 1 | 2|σ G | and |σ G | = |σ L |, arguing as above,
we may reduce to the case where m is even. This yields n+1 | 36m−13m−1 by Lemma 4. Since 3
6m−1
3m−1 divides
n+1, we obtain n = 3m 35m−13m−1 , and hence (
√
n
3m )
2 = 35m−13m−1 , as m is even. However, such a Diophantine
equation does not have admissible solutions, by [41, Result A.8.1], as m is even. 
Lemma 19. Let Π be a ﬁnite projective plane of order n and let 2G2(q)  G, q = 32m+1 , m  1, be a
collineation group of Π ﬁxing a line l, then G does not act transitively on l.
Proof. Assume that L ∼= 2G2(q), q = 32m+1, m  1, and that G acts transitively on a line l of a pro-
jective plane Π of order n. For each P ∈ l, the group GP lies in maximal subgroup of G listed in
Theorem C of [29]. In particular, by Lemma 7, LP lies in a maximal parabolic subgroup of L. There-
fore, by [29, Theorem C], [L : LP ], and hence n+1 is divisible by q3+1. This is impossible by Lemma 4,
since q3 + 1 is divisible by 4, as q = 32m+1. 
We denote by L(q), q = pr , with p prime and r  1, an exceptional group of Lie type. A synthetic
overview of the main properties of L(q) can be found in Chapter 5 of [30].
Lemma 20. Let Π be a ﬁnite projective plane of order n and let L(q) G, q odd, be a collineation group of Π
ﬁxing a line l. Then G does not act transitively on l.
Proof. Assume that L ∼= E8(q). Then L contains an involution γ such that Z2.(PSL2(q)× E7(q)) CL(γ )
by [15, Table 4.5.1]. Since there is one conjugate class of involutions in E8(q), then |γ G | divides
2q56 (q
10+1)(q12+1)(q6+1)(q30−1)
q2−1 . Assume that |M| < q110. As [L : M] | 2|γ G |,
q10
∏
i∈{2,8,12,14,18,20,24,30}
(
qi − 1)< [L : M] 4q56 q30 − 1
q2 − 1
∏
i∈{6,10,12}
(
qi + 1),
which is impossible. Thus, |M| q110, and hence M is either parabolic or one of the groups listed in
Table 1 of [33]. By ﬁltering the listed groups with respect to vp([L : M]) vp(|γ G |) = r56, we obtain
that either M is parabolic or M ∼= (SL2(q) ◦ E7(q)).Z2. If the latter occurs, then
q56
∏
i∈{2,20,24,30}
(
qi − 1)= [L : M] 4q56 q30 − 1
q2 − 1
∏
i∈{6,10,12}
(
qi + 1),
and we still obtain a contradiction. Therefore, M is a maximal parabolic subgroup of L. However, this
case cannot occur, since 4 divides [L : M], and hence n + 1 in each case, contradicting Lemma 4 (2)
(information on the indices of maximal parabolic subgroups can be derived from the Dynkin diagram
(see, e.g., [6, Ch. 6–7])).
Assume that L ∼= E7(q). Then L contains an involution γ such that SLε8(q)/(4,q−ε) CL(γ ), where
ε = ±, by [15, Table 4.5.1]. There is one Inndiag(E7(q)) conjugate class of involutions in L, and hence
∣∣γ G ∣∣ ∣∣ (4,q − ε)q35 ∏
h∈{2,3}
(
q4h + q2h + 1) ∏
j∈{3,5,7}
(
q j + ε).
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parabolic by Lemma 4. Thus, we may restrict to the case p ≡ 1 mod 4 by Lemma 7. Consequently,
n + 1 ∣∣ 2q35 ∏
h∈{2,3}
q4h + q2h + 1
3
∏
j∈{3,5,7}
q j + ε
2
(18)
by Lemma 4, as n + 1 | 2|γ G |.
Assume that |M| < q63. As [L : M] | 2|γ G |, then
1
2
∏
i∈{2,6,8,10,12,14,18}
(
qi − 1)< [L : M] 2q35 ∏
h∈{2,3}
q4h + q2h + 1
3
∏
j∈{3,5,7}
q j + ε
2
,
which is impossible. Therefore |M|  q63. We stress that the same arguments of [33, §4], may be
repeated with |M| q63, instead of |M| q64, obtaining the same conclusions of the Main Theorem
and Table 1 in [33] for L ∼= E7(q), when q is odd. Hence, as M cannot be parabolic, M is isomorphic
to either (Eε6(q) ◦ q−ε2 ).Z(q−ε,3).Z2, or E7(
√
q ).Z2, q square, or (SL2(q) ◦ D6(q)).Z2. As p ≡ 1 mod 4, it
follows that 4 divides [L : M] and hence n + 1, contradicting Lemma 4 (2).
Assume that L ∼= Eε6(q). Then L contains an involution γ , such that (4,q − ε).PΩε10(q)  CL(γ ),
where ε = ±, by [15, Table 4.5.1]. There is one Inndiag(Eε6(q)) conjugate class of involutions in L and
hence
∣∣γ G ∣∣= q16(q6 + εq3 + 1)(q2 + εq + 1)(q8 + q4 + 1).
Assume that |M| < q37. Since [L : M] | 2|γ G |, then
1
q(3,q − 1)
∏
i∈{2,5,6,8,9,12}
(
qi − εi)< [L : M] 2q16 q12 − 1
q4 − 1
∏
i∈{1,3}
q3i − ε
qi − ε ,
which is impossible. Therefore, |M| q37, and hence M is either parabolic or one of the groups listed
in Table 1, by [33]. Assume that M is not a parabolic subgroup of L. Now, ﬁltering the remaining
groups with respect to vp([L : M])  vp(|γ G |) = 16r (recall that q = pr , p is odd and r  1), we
obtain that either M ∼= F4(q) or M ∼= (D5(q) ◦ (q − ε)/(q − ε,3)).(4,q − ε). Note that [L : M] divides
2|γ G | and is divisible by a primitive prime divisor of q8 −1 and of q5 − ε, respectively. However, such
a primitive divisor does not divide |γ G | = q16 q12−1
q4−1
∏
i∈{1,3}
q3i−ε
qi−ε , and we obtain a contradiction. Since
the indices of the maximal parabolic subgroups of Eε6(q) are divisible by 4, except for L
∼= E+6 (q) when
q ≡ 3 mod 4 and M is maximal parabolic of type D5, these cases are excluded by Lemma 4 (2). Thus
it remains to investigate the case where L ∼= E+6 (q), q ≡ 3 mod 4, and M is a maximal parabolic of
type D5. As [L : M] = q9−1q−1 (q8 +q4 +1) divides n+1, then q = 3r by Lemma 4 (1). Therefore, again by
Lemma 4 (2), n+1 = j(q8 +q4 +1) q9−1q−1 , where j = 1 or 2, since it divides |γ G | and q
9−1
q−1 (q
8 +q4 +1)
divides n+ 1. Note that 2.PΩ+10(q) CL(γ ) and hence PΩ+10(q) has a non-trivial action on Fix(γ )∩ l.
As the minimal primitive permutation representation degree of PΩ+10(q) is
(q5−1)(q4+1)
q−1 , then
√
n+1
(q5−1)(q4+1)
q−1 which implies j = 2. By [17] and by [23, Theorem 4.25], since the action of PΩ+10(q) on
Fix(γ )∩ l is non-trivial, each involution in PΩ+10(q) is a Baer collineation of Fix(γ ). Now, assume that
there are θ non-trivial PΩ+10(q)-orbits on Fix(γ )∩ l. Thus,
√
n+1 θ (q5−1)(q4+1)q−1 , since each orbit has
length greater than or equal to the minimal primitive permutation representation degree of PΩ+10(q).
This is impossible, since n + 1 = 2(q8 + q4 + 1) q9−1q−1 . Therefore, Fix(γ ) ∩ l consists of one PΩ+10(q)-
orbit of length (q
5−1)(q4+1)
q−1 and λ ﬁxed points, where 0 λ 
4
√
n + 1, so √n + 1 = (q5−1)(q4+1)q−1 + λ,
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√
n( 4
√
n− 1) (q5−1)(q4+1)q−1 . Since PΩ+10(q) contains an involution ζ whose centralizer is of
type O ε12 (q)⊥O ε28 (q), where ε1ε2 = +, there is a subgroup of the centralizer of O ε12 (q)⊥O ε28 (q) that is
isomorphic to either PΩε28 (q) or Ω
ε2
8 (q) (see, e.g., [30, Proposition 4.1.6]), and that has a non-trivial
action on Fix(ζ ) ∩ l. Thus, 4√n + 1  (q4−ε2)(q3+ε2)q−1 by [30, Table 5.2.A], contradicting the fact that
4
√
n( 4
√
n − 1) (q5−1)(q4+1)q−1 . Thus, the case L ∼= E+6 (q) is also ruled out.
Finally, assume that L ∼= F4(q). Then L contains an involution γ such that Spin9(q) CL(γ ) by [15,
Table 4.5.1]. There is one such conjugate class of involutions in L, so |γ G | = q8(q8 + q4 + 1). For
|M| < q24, arguing as above, we obtain
∏
i∈{2,6,8,12}
(
qi − 1)< [L : M] 2q8(q8 + q4 + 1),
which is clearly impossible. Therefore, |M|  q24 and M is either parabolic or one of the groups
listed in Table 1 of [33]. If M is a maximal parabolic subgroup of L, then 4 divides [L : M] by [36].
So, 4 divides n + 1, as [L : M] | n + 1, and we obtain a contradiction by Lemma 4 (2). Therefore,
p ≡ 1 mod 4 by Lemma 7, and M is one of the groups listed in Table 1 of [33]. If we ﬁlter the groups
in the list with respect to the condition vp([L : M])  vp(|γ G |) = 8r, we see that M ∼= B4(q) is the
unique admissible group for q odd. For this case q8 + q4 + 1 | [L : M], and hence q8 + q4 + 1 | n + 1.
In particular, 3 divides n + 1, as p ≡ 1 mod 4, and we obtain a contradiction by Lemma 4 (1). This
completes the proof. 
Proposition 21. Let Π be a ﬁnite projective plane of order n and let L(q) G, q even, be a collineation group
of Π ﬁxing a line l. Then G does not act transitively on l.
Proof. Assume that L is an exceptional group of Lie type of even characteristic. Then, if P ∈ l, the
group LP lies in a maximal parabolic subgroup M by Lemma 7. We can determine all the maximal
parabolic subgroups of L from the Dynkin diagram (see, e.g., [6]) and calculate their indices from the
information provided by [6,11,36]. It is easy to see that 3 divides [L : M], and hence n+1, in any case
except for L ∼= 2B2(22m+1), m  1. So, these cases are ruled out by Lemma 4 (1). Hence, the case of
L ∼= 2B2(22m+1), m  1, remains to be investigated. Then n + 1 = f1(24m+2 + 1), where f1 | 2m + 1,
by [44, Main Theorem]. Note that, in the 2-transitive permutation representation of degree 24m+2 + 1
of L, the involutions ﬁx exactly one point. Thus, each involution ﬁxes at most f1 points on l, and
therefore,
√
n + 1  f1. In fact, √n < f1, since √n and √n + 1 do not divide n + 1. On the other
hand,
√
n > 22m+1 + 1. So, 22m+1 + 1 < f1 and f1 | 2m + 1. This is impossible, and the proof is thus
complete. 
At this point, Theorem 1 is an easy consequence of the results of Sections 2, 3 and 4.
5. The primitive case
This section is devoted to the study of the case when G acts primitively on l. The case when Π is
a translation plane is also addressed.
Proof of Theorem 2. Since G is primitive on l, we must have that n + 1 = d(G), where d(G) de-
notes a suitable primitive permutation representation of G . By the O’Nan–Scott Theorem (see, for
instance, [12, Theorem 4.1A]), one of the following occurs:
(1) soc(G) ∼= (Zp)d and d(G) = pd;
(2) soc(G) ∼= (T )m , where T is a nonabelian simple group, and either
(a) m = 1;
(b) m 2, G is of diagonal type, and d(G) = |T |m−1;
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soc(U ) ∼= (T )e , the group G is isomorphic to a subgroup of U  Sm/e , with the product ac-
tion, and d(G) = d(U )m/e;
(d) m 6, soc(G) is regular, and d(G) = |T |m .
Suppose that G contains Baer involutions. Hence n is a square and we obtain the equation (
√
n )2+
1 = d(G), with d(G) given above. At this point, taking into account that Theorem 1 holds, that the
Diophantine equation X2 + 1 = Yk does not have non-trivial solutions for k  2 by [41, Result A3.1],
we obtain that the only admissible cases are (1) for p odd and d = 1, and (2a) and (2b) for m = 2.
In the case (1), the group G is a subgroup of AGL1(p). Therefore, all involutions in G are dilata-
tions on l. So, each involution in G ﬁxes exactly one point on l, contradicting the assumption that G
contains Baer collineation of Π .
The case (2b) with m = 2 actually cannot occur. Indeed, in this case, we have (√n )2+1 = |T |, with
4 | |T | by [13, Corollary 1], contradicting Lemma 4. Consequently, only the case (2a) is admissible.
Nevertheless, by Theorem 1 this case cannot occur.
Hence, G contains involutory perspectivities of Π , and the conclusions of Proposition 3 apply. In
particular, when K is a nonabelian simple group, we obtain that K is the socle of G . When K is a
Frobenius group, O (K ) = soc(G) ∼= (Zp)d and n + 1 = pd .
Finally, if G has odd order, we again obtain soc(G) ∼= (Zp)d and n + 1 = pd . 
It would also be interesting to investigate the case when G acts transitively on l, but its action is
unfaithful. Note that, in this context many examples for G are provided by the translation comple-
ments of several translation planes (see, e.g., [24] and [35]). Nevertheless, if we attempt to solve it,
the above techniques seem to be ineffective, due to the existence of a non-trivial action kernel of G
on l.
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